This paper investigates whether the principle of minimum differentiation extends to the location choices of multi-product firms of different sizes supplying differentiated goods to consumers with heterogeneous tastes. Our analysis explicitly allows for the possibility that the resulting location equilibria will be asymmetric, and we compare the multiproduct equilibria with the location configurations that would arise if each outlet were operated by a single-product firm. We show that multi-product firms disperse their products if consumer heterogeneity is low or distance between markets is high. They adopt more dispersed locations than single product firms to limit business stealing from their own outlets. Asymmetry is shown to characterize location configurations of both multi-product and single-product firms.
Introduction
Hotelling 's seminal (1929) analysis of stability in competition has given rise to a considerable literature on location choice in spatial markets and, more generally, in differentiated product markets. The primary aim of this literature has been to examine Hotelling's claim that we should expect to see an "excessive sameness" in product specifications or in location choices: what has subsequently been referred to as the principle of minimum differentiation. A significant limitation of the available analysis, as noted by Borenstein and Netz (1999) , is that with few exceptions attention has been confined to the location choices of single-product firms. This is potentially important in that a single-product analysis of location choice ignores the ability of multi-product firms to coordinate the location/design choices of the various products that they bring to the market.
In this paper we focus on the location choices of multi-product firms supplying differentiated goods to consumers with heterogeneous preferences, indexed by a parameter µ. When µ → 0 consumers view the products as increasingly identical, whereas as µ → ∞ consumers consider the products to be increasingly differentiated. 2 We investigate the possibility that the resulting equilibrium spatial structure will be characterized by "partial agglomeration". Firms spread their own products over the market but agglomerate individual products, at least partially, with respect to those of their rivals. In addition, we explicitly allow for the possibility that the final location configurations that firms adopt will not necessarily be symmetric.
The primary motivation for our analysis is that, while such partially agglomerated structures appear to be precisely what we observe in a whole series of markets, they are not particularly well explained by current theory. Two examples suffice to illustrate the empirical motivation for our analysis. In each case, the location configurations exhibit a common empirical regularity.
First, we observe a large firm with widespread locations throughout the relevant market.
Second, we observe a group of other smaller firms with fewer locations that are, in the language of Brander and Eaton (1984) , partially interleaved.
As we have noted, the available literature, building primarily on Hotelling's initial insight, does not effectively account for the observed spatial structures. d 'Aspremont, Gabszewicz and Thisse (1979) were the first to identify a formal flaw in Hotelling's analysis but the correction that they suggested -quadratic rather than linear transport costs -leads to an equilibrium with maximum rather than minimum differentiation.
Subsequent analysis by De Palma et al. (1985) shows that, with parametric prices, the principle of minimum differentiation holds provided that products are sufficiently differentiated in a dimension additional to their spatial differentiation. 5 Anderson, De 3 Full documentation on the movie-theatre location data can be found in Chisholm and Norman (2001) . 4 Fast-food outlet location data were taken from the company websites: www.Wendys.com, www.Mcdonalds.com and www.BurgerKing.com. 5 They also show that there is an agglomerated equilibrium with endogenous prices provided that the degree of heterogeneity is great enough. De Fraja and Norman (1993) obtain a similar result with a different demand specification and non-parametric prices.
product differentiation, and again with parametric prices, we might see symmetric groupings of independent firms. However, their analysis predicts that an agglomeration will never contain more than two firms and that, as in their earlier work, when the degree of heterogeneity is great enough, firms will perfectly agglomerate at the market center. 6 Hamilton, Thisse and Weskamp (1989) and Neven (1990, 1991) take a different approach, assuming that the non-cooperative firms producing identical products are Cournot competitors. Both show that perfect agglomeration at the market center is a Cournot-Nash equilibrium.
The feature that all these analyses have in common is that the market center appears as a dominant location choice. Where equilibrium is characterized by some degree of dispersion of firms, the equilibria that are identified are symmetric, with the agglomerations containing no more than two firms. 7 Yet, as the empirical illustrations above and many other similar examples indicate, a more complete theory of location choice would predict partial agglomeration at best, with no particular requirement that each non-central agglomeration contain a small number of firms. Braid (1988) is almost alone in generating this type of outcome, identifying equilibria in which non-central locations can contain the greatest agglomerations of firms.
However, as in the location literature cited above, Braid confines attention to singleproduct firms and identifies only symmetric equilibria.
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The literature on location choice by multi-product firms is limited. Brander and Eaton (1984) were the first explicitly to consider product line rivalry and show that both segmented and interleaved product line choices are Nash equilibria. They do not explicitly consider spatial choice, but their analysis can be extended to include a spatial dimension. Martinez-Giralt and Neven (1988) consider the spatial dimension and find that when two Bertrand firms can each locate two outlets, neither firm will actually choose to do so. Rather, they will agglomerate their own outlets, effectively eliminating one of the products, while being maximally differentiated from their rival. One problem with this analysis, however, is that the equilibrium is very sensitive to the assumptions. Bensaid and De Palma (1993) show that if we extend the analysis to three Bertrand firms, each locating up to two outlets, almost any outcome can be an equilibrium.
One can easily show also that if the two-product firms are Cournot duopolists operating in a line market of unit length, then both firms locating their products at ¼ and ¾ is a Nash equilibrium. Pal and Sarkar (2002) extend this result to provide the most extensive and detailed analysis of location choice by Cournot firms currently available.
They show, for example, that if the duopolists each operate m outlets, the Nash equilibrium has m agglomerations each containing two firms. One limitation of their analysis, however, is that because they assume homogeneous products there is no market overlap by outlets of a single firm so that the size of any agglomeration is limited to the number of firms in the market. More generally, again because of the lack of market overlap by outlets operated by the same firm, there is an underlying tendency in their analysis for a firm to spread its own outlets. 9 See also Norman and Pepall (2001) for a similar result in a different context. Gabszewicz and Thisse (1986) allow two firms to locate any number of outlets.
They show that with parametric prices and unit demand, an equilibrium exists in which the outlets of each firm are pairwise located and equally spaced. This is very like the equilibrium identified by Eaton and Lipsey (1975) for single-product firms, suggesting that competing firms with different ownership structures might make similar location choices. However, the relationship between ownership and location choice has not been explicitly investigated. At best, the literature compares the generally single-product, noncooperative equilibrium with the choices that would be made by a monopolist. This is very different from asking whether the location choices of, for example, three firms operating multiple outlets will be the same as would be chosen if each of the outlets were operated by an independent firm, or by independent, profit-maximizing divisions of the three firms. Moreover, as Borenstein and Netz (1999) note, "none of the models studies asymmetric markets where firms locate different numbers of outlets." (1999, p. 618) 10
The contributions of this paper are, then, threefold. First, we consider location choices by multi-product firms of different sizes. Second, we explicitly allow for the possibility that the resulting spatial equilibria will be asymmetric. Finally, we compare the multi-product equilibria with the location configurations that would arise if each outlet were operated by a single-product firm.
The remainder of the paper is structured as follows. In section 2, we detail the theoretical model that underpins our analysis. Section 3 identifies the single-product equilibrium location configurations and the corresponding equilibria for multiproduct firms. The final section contains some concluding remarks. 10 Pal and Sarkar (2002) is the one exception but they meet considerable difficulties in characterizing equilibria even for duopolists operating different numbers of outlets. Those that they identify exhibit a
The Model
The framework that we adopt is the simplest possible consistent with the questions that we wish to investigate. Following Braid (1988) , we assume that the market consists of five equally sized submarkets, or towns, evenly distributed on a line market.
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Each town is assumed to have S consumers. Consumers and firms are constrained to locate in only these towns, but consumers can purchase from, and firms can sell in, any of the five towns. All firms adopt f.o.b. pricing and the round-trip transportation costs between any pair of neighboring towns is d per unit. It follows that the transportation costs between any pair of towns i and j is
We assume that there are three multi-product firms. Firm 1, the market leader, operates five outlets, while firms 2 and 3 each operate three outlets. In order to focus on location choice, we assume that all outlets have identical, constant marginal costs that we can normalize, without loss of generality, to zero. Again following Braid (see also Anderson, De Palma and Thisse, 1992) , we assume that the firms charge the same parametric price p at each of their outlets. This considerably eases computations while not being an unreasonable characterization of price setting in the types of examples presented above. 12 We consider a two-stage location game in which firm 1 chooses the location configuration of its outlets in the first stage, and firms 2 and 3 simultaneously reasonable degree of symmetry.
11 Throughout the analysis we use a spatial analogy. The extension of our analysis to more general issues of product specification is obvious. Discreteness of the product space follows the recent tradition in modern economic geography (see, for example, Fujita, Krugman and Venables, 2000) . The choice of five submarkets is large enough to allow consideration of the strategic issues in which we are interested while being small enough to be analytically tractable. Norman (2002) also uses this spatial specification in a different context. 12 We might think of these prices as being those that the firms consider to be sustainable as equilibria in a repeated price game.
choose their location configurations in the second stage. We look for subgame-perfect location equilibria to this game.
The outlets operated by a firm (cinemas, fast-food outlets) each sell a variant of a differentiated product and each consumer purchases exactly one unit of the product variant that gives her the greatest utility. Consumer choice is characterized by heterogeneity and uncertainty in that a consumer s located in town i purchasing from outlet k located in town j obtains conditional indirect utility of
where the s ε are i.i.d., following a double exponential distribution with mean zero and variance 6 / 2 2 π µ . 13 This implies, in particular, that consumers distinguish between the products being offered but do not treat the products offered by any one firm as being distinctly different from those offered by another firm. 14 The consumer reservation price is assumed to be sufficiently great with respect to p and d as to impose no constraints on consumer choice. With this demand structure and our parametric price assumption we can identify the probability that a consumer located in town i will buy from an outlet located in town j from the standard multinomial logit model.
Suppose that town j contains n j outlets, with
being the total number of outlets in the market. Then the probability that a consumer located in town i will purchase from an outlet located in town j is:
Let m = ( ) 
Given any location configuration c 1 for firm 1, equilibrium for firm 2 is defined as Note that since the towns are of equal size and prices are parametric, maximizing profit for each firm is equivalent to maximizing that firm's aggregate market share.
Given our demand specification, consumer choice of which product to purchase and the resulting equilibrium location configurations of the three firms are determined by the ratio d/µ. As d increases or µ decreases a consumer's shopping choice becomes more 14 Introducing such heterogeneity across firms would require that we adopt a nested logit formulation: Anderson et al (1992) . concentrated on outlets in her own town and thus should encourage dispersion of a firms' outlets in order to be closer to the individual submarkets. By contrast, as d falls or µ increases, shopping choices become more dispersed, encouraging more agglomeration of a firms' outlets closer to the market center.
Location Equilibrium

Single-Product Firms
We first extend Braid's (1988) analysis to examine the impact of d/µ on the location equilibria that apply if the eleven outlets choose their locations independently and simultaneously. In this situation, the definition of an equilibrium location configuration is straightforward: no firm wishes to change its location (choice of town)
given the locations of the other ten firms. Second, and much more surprisingly, no symmetric equilibrium exists for 1.084 < d/µ < 1.253 and for d/µ > 2.102. In the former interval, the obvious candidate symmetric equilibrium is (1,3,3,3,1), but for this range of values of d/µ, at least one firm can increase its market share by moving. We find that (1,4,2,3,1) is an equilibrium for 1.084
< d/µ < 1.227, with a firm in town 3 in the configuration (1,3,3,3,1) preferring to move to town 2 (or 4) and (1,3,3,2,2) for 1.222 < d/µ < 1.253, now with a firm in town 4 (or 2) preferring to locate in town 5 (or 1). In both cases, the common feature is that a centrally located firm finds that it can do better by moving to a more peripheral location. For d/µ > 2.102 we find much the same. Now the obvious candidate symmetric equilibrium is (2,2,3,2,2) but we find that with this configuration one of the centrally located firms can increase its market share by moving to town 2 (or 4), with the result that (2,3,2,2,2) is an equilibrium configuration.
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More generally, our analysis indicates that Braid's conclusion that towns 2, 3 and 4 will contain the majority of outlets turns out to be particularly sensitive to his chosen value of d/µ = 0.693.
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(Table 1 near here)
Multi-Product Firms
Now consider the location equilibrium when three firms operate the eleven outlets -firm 1 with five outlets, firms 2 and 3 each with three outlets each -and competition between these firms is the two-stage location game specified above with the subgameperfect equilibrium defined by (5) and (6).
We must allow for the possibility that there will be asymmetric location choices by the three firms. Ignoring "mirror images," firm 1 chooses from among 66 possible location configurations, firms 2 and 3 choose from among 14 each. We present a selection of the payoff matrices for firms 2 and 3 in the Appendix. 18 Table 2 As can be seen from Table 2 The aggregate location configurations generated by our three multi-product firms and the location configurations of the eleven single outlet firms (Table 1) Table 5 shows that the fully dispersed configuration (2,2,3,2,2) is generated by three different configurations of the individual firms.
The difference in location choices between the two ownership structures reflects a trade-off that influences the location choices of multi-product firms but not singleproduct firms. On the one hand, both types of firms face the same pressure to agglomerate in the attempt to steal customers from their rivals. On the other hand, the multi-product firm has an incentive to disperse its products in order better to coordinate that firm's coverage of the different consumer markets or towns and to limit business stealing from its own outlets.
Finally, let us return to the empirical regularities with which we started. The parameter region for d/µ that generates location configurations that most closely reflect those of our examples is d/µ > 2.139. When this condition holds, the large lead firm distributes its outlets evenly over the market while the small firms adopt an interleaved structure that gives them reasonable coverage of the entire market rather than a fully overlapped structure in which they concentrate their outlets on parts of the market. 20 This implies that, for the types of good that we have used to motivate our analysis, consumer tastes are relatively homogeneous and/or the consumer valuation of distance costs is high.
It seems reasonable to suggest that the goods in these markets (films and fast food) are not highly differentiated in their product characteristics (other than location) but they are such that consumers strongly prefer outlets (cinemas and fast-food restaurants) that are close to their own "locations". 
Conclusions
A large, and still growing, literature is attempting to refine Hotelling's original insight that the location, and more generally, the product design decisions of competing firms will be characterized by an "excessive sameness", with firms being driven to imitate each other rather than to seek out individual market niches. A major shortcoming of the current literature, however, is that it is largely confined to the analysis of location choices by single-product firms. This severely limits our ability to comment sensibly on whether excessive sameness should be expected to apply to multi-product firms, given 20 As we have noted, we have found no cases in which firms 2 and 3 adopt a segmented structure.
that these firms have the countervailing incentive to disperse their individual products in order to limit business stealing from their own outlets rather than from those of their competitors. 22 By the same argument, the available literature is of limited usefulness as a guide to empirical work trying to relate competition, consumer choice and location.
In this paper we have presented the beginnings of a theory of location choice by multiproduct firms of different sizes, in a market containing consumers with heterogeneous tastes. As in the single product case, we find that the location patterns adopted by multi-product firms are more dispersed when heterogeneity in consumer tastes is lower, since then it is important for firms to locate their products close to individual consumer markets. However, we have also shown that this aggregate pattern hides considerable lack of monotonicity in the location configurations adopted by individual firms. Strategic interaction between the firms can actually lead to one or other of them adopting a more concentrated location configuration at lower levels of consumer heterogeneity or when the distance between markets is greater.
We have also shown that a similar lack of monotonicity characterizes the market shares won by firms of different sizes. It might be expected that a "large" firm should gain when heterogeneity in tastes is lower, or distance between markets is greater, since such a firm is better able to place its products close to individual consumer markets. Our analysis shows, however, that this will be the case only if the large firm adopts an equilibrium location configuration that is more dispersed than its smaller competitors.
configurations of our multi-product firms, although we have identified some parameter regions in which there is considerable asymmetry in these choices. Somewhat surprisingly, it turns out that asymmetry is actually more characteristic of location configurations adopted by single-product firms.
As a guide to empirical work, our analysis shows that consumer tastes matter as determinants of location choice and do so in a reasonably determinate manner. When consumer heterogeneity is high or distance between individual markets is low, we typically find that the large firm disperses its outlets, concentrating on the less central markets, while the smaller firms locate in the more central markets. By contrast, when consumer heterogeneity is low or distance between markets high, the larger firm adopts a more uniform distribution of its outlets while the smaller firms adopt more separated, but interleaved location configurations.
Much more remains to be done in this important area. Introducing explicit price competition presents formidable technical challenges and, we feel, is not a particularly fruitful route to take. The types of markets that provided the initial motivation for our analysis, for example, are not characterized by any great degree of price competition.
This is not actually all that surprising. Multi-product firms are involved in multi-market contact, with the result that they might well be expected to arrive at a tacitly cooperative set of prices that will apply across their markets, competing instead on dimensions such as product design (location choice).
A more fruitful and interesting extension is to relax our assumption that each firm chooses to locate a given number of outlets, in order to investigate whether this is the number of outlets that it would actually choose. We leave detailed analysis of this question to later research. However, we can give an outline of what we are likely to find.
We can show that in every equilibrium configuration we have identified a firm loses market share by reducing its number of outlets, and that its increase in market share as it adds outlets decreases with the number of outlets. This implies that, if adding an outlet imposes set-up costs, there is a range of set-up costs for which our chosen configuration is, indeed, an equilibrium. More generally, we should find that there is an identifiable relationship between consumer heterogeneity, set-up costs and product proliferation by multi-product firms. In addition, of course, this analysis is likely to find even more asymmetry in firms' equilibrium choices than we have identified in the current analysis. 2.102-(2,3,2,2,2)** Notes: ** indicates an asymmetric equilibrium. 
